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In this article we theoretically study the phase shift a single atom imprints onto a coherent state light beam
in free space. The calculations are performed in a semiclassical framework. The key parameters governing
the interaction and thus the measurable phase shift are the solid angle from which the light is focused onto the
atom and the overlap of the incident radiation with the atomic dipole radiation pattern. The analysis includes
saturation effects and discusses the associated Kerr-type non-linearity of a single atom.
I. INTRODUCTION
The interaction of light and single atoms in free space
has received a considerable amount of interest over the past
years, see Ref. [1] for an overview of recent achievements
in this field. Here, the term free space is used to describe
a situation in which the atom interacts with the whole con-
tinuum of the free-space field modes and has also the char-
acteristic free-space spatial emission properties. Besides
other phenomena, the phase shift imprinted by a single
quantum system onto a coherent beam has been studied in
prior experiments [2–4]. The reported phase shifts amount
to about 1◦ using a single neutral atom [2] and 3◦ for a
single molecule [3]. Phase shifts of about 0.3◦ have been
achieved recently for a single ion [4]. For the sake of sim-
plicity, all kinds of quantum systems will be denoted by
the term ’atom’ throughout this paper.
The maximum phase shift observed for a free-space
setup is still an order of magnitude below the values
achieved with cavity quantum electrodynamics setups [5–
7], but a phase shift close to the maximum possible value
of 180◦ has not been observed in either system. Dispersive
interaction has also been studied for an atomic ensemble
trapped in the evanescent field of a nano fibre [8]. How-
ever, the deduced phase shift per single atom does not ex-
ceed the values measured so far in a free-space setup.
The typical phase-shift setup in free space can be sim-
plified to the scheme shown in Fig. 1. The incident elec-
tromagnetic field mode is focused onto the atom by a fo-
cusing device, e.g. a large numerical aperture lens [2–4]
or a parabolic mirror [9]. Depending on the electric field
strength acting upon the atom, the atom scatters a certain
amount of dipole radiation which is phase-shifted with re-
spect to the incident field. The phase of the scattered field
is determined solely by the detuning of the incident light
from the atomic resonance. The scattered radiation as well
as the re-diverging incident field are both collected by the
same optical element. This can be a second lens [2, 4] or
the focusing device itself. The latter is the case e.g. in
Ref. [3], where a reflective element retro-reflects the inci-
dent radiation towards the focusing lens, or when using a
deep parabolic mirror as envisaged earlier [9, 10].
After collection, scattered and incident radiation are
processed in a phase measuring setup. This may be a
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FIG. 1. Basic layout of a phase shift experiment with a single
atom and a coherent beam. For further explanations see text.
Mach-Zehnder interferometer [2], a heterodyning setup [3]
or a scheme utilizing polarization degrees of freedom [4].
As part of the phase measuring setup the scattered and re-
collimated incident radiation are focused onto some detec-
tor where they interfere. From this it is clear that the over-
all overlap of the scattered radiation with the incident one
plays a decisive role in determining the measurable phase
shift, see also Ref. [2]. Moreover, the amount of coher-
ently scattered light determines the impact of the phase of
the scattered light onto the phase of the total field, i.e. the
superposition of scattered field and incident field.
Theoretical treatments can be found in several publica-
tions. In Ref. [2] the central parameter governing the phase
of the total field is the so called scattering ratio, i.e. the
ratio of scattered power to the incident power. This pa-
rameter includes the overlap of the incident field with the
dipole field radiated by the atom. The scattering ratio can
reach a value of two when focusing from half solid an-
gle [11, 12], which is the upper limit considered in Ref. [2]
leading to a maximum phase shift approaching 90◦ for ar-
bitrarily small but non-zero detunings. This is in accor-
dance with the findings of Ref. [3] where the same maxi-
mum phase shift is predicted. There, a single overlap pa-
rameter is used to account for the focusing geometry as
well as various aspects related to the use of a molecule.
Nevertheless, phase shifts of more than 90◦ are possible.
This is already evident from Eq. 26 of Ref. [13]: When
considering a dipole wave incident from full solid angle,
which corresponds to a semi-aperture angle α = pi in the
nomenclature of Ref. [13], one finds a phase shift of 180◦
on resonance. The same result is obtained when using the
formulas of Ref. [2] and calculating the scattering ratio for
arbitrary solid angle, including the full solid angle case [1].
Another aspect is the influence of saturation of the
atomic transition on the achievable phase shift. This as-
pect has been treated in the calculations of Ref. [3], where
also a corresponding measurement has been performed, as
well as by van Enk [14]. Although the latter paper is not
explicitly devoted to the phase shift problem, the results
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2reported here and elsewhere can be obtained by calculat-
ing the argument of Eq. 26 of Ref. [14], using Eq. 41 of
the same reference. There, the treatment is fully quantum-
mechanical. However, also Ref. [14] quantifies the sim-
ilarity of the incident wave with a dipole mode by using
a single parameter, which is inconvenient when modelling
real experiments. The nonlinear phase shift induced onto
a pulse containing more than one photon has been derived
in Ref. [15], where perfect coupling of atom and light field
has been assumed implicitly. Consequently, the influence
of the key parameters discussed here has not been treated.
In this paper, we present a discussion of the phase shift
induced by a single atom in free space accounting for all of
the above effects in an explicit way. Section II comprises
the derivation of a formula for the phase shift, followed
by the treatment of some examples in Sec. III. Finally, in
Sec. IV the inclusion of saturation effects is used to derive
a formula for the phase shift that is reminiscent of the Kerr
effect found in other non-linear optical media.
II. DERIVATION OF THE PHASE SHIFT
We consider a two-level atom with upper level |a〉 and
lower level |b〉. It is located at the origin of the coordi-
nate system. The atom is illuminated by a weak classical
field of frequency ω and amplitude E0 at the place of the
atom. We takeE0 to be real. Thus, the relative phase of the
field at the place of the atom is zero. Furthermore, E0 is
the amplitude of the field component parallel to the atomic
dipole.
The expectation value of the positive frequency part of
the electric field which is scattered by the atom is given by
[16]
〈Eˆ+(r, t)〉 = ω
2
0µ sinϑ
4pi0c2r
· 〈σˆ−(t− r/c)〉 (1)
where ω0 and µ are the atomic transition frequency and
the dipole matrix element (taken to be real), respectively,
ϑ is the angle between the quantization axis and the point
~r = r · ~er and σˆ− is the atomic lowering operator. The
expectation value of the lowering operator is given by [16]
〈σˆ−(t)〉 = ρab(t) with ρab being the density matrix ele-
ment describing the polarization of the atom.
In the steady state, we have
ρab = −iΩR
2
· (2ρaa − 1) · Γ/2 + i∆
∆2 + Γ2/4
(2)
with the spontaneous emission rate Γ = ω30µ
2/(3pi0h¯c
3),
the Rabi frequency ΩR = E0µ/h¯, the detuning ∆ = ω −
ω0 and the density matrix element ρaa gives the probability
to find the atom in the upper state. The steady state solution
of the latter is given by
ρaa =
Ω2R
4∆2 + Γ2 + 2Ω2R
(3)
which leads to
ρab =
ΩR · (iΓ− 2∆)
4∆2 + Γ2 + 2Ω2R
. (4)
Thus, the scattered field amplitude is
Esc =
ω20µ sinϑ
4pi0c2r
· ΩR · (iΓ− 2∆)
4∆2 + Γ2 + 2Ω2R
. (5)
The phase of the scattered field is hence given by
ϕsc = arctan
(
− Γ
2∆
)
= arctan
(
2∆
Γ
)
+
pi
2
. (6)
For a wave of power P incident onto the atom the field
amplitude parallel to the atomic dipole is given by [17]
E0 =
√
2P
λ
√
0c
·
√
Ω · η (7)
with λ = 2pic/ω. Ω is the effective solid angle over
which the incident field extends calculated weighting by
the atomic dipole characteristics. It has a maximum value
of 8pi/3. η is the overlap of the incident field with the
field emitted by the atomic dipole, calculated only in the
region covered by the incident light. Next, we insert this
expression forE0 into the definition of the Rabi frequency,
approximating ω ' ω0. Plugging the result into Eq. 5 and
integrating over the full solid angle we arrive at the scat-
tered power
Psc = P · 3
2pi
· Ωη2 · 4∆
2/Γ2 + 1
(4∆2/Γ2 + 1 + 3PΩη
2
pih¯ω0Γ
)2
. (8)
The last term in the sum of the the denominator is the
saturation parameter on resonance s0 = 2Ω2R/Γ
2 =
3PΩη2/(pih¯ω0Γ).
For the sake of simplicity we normalize the solid angle
Ω to its maximum value, ΩN = Ω/(8pi/3), which results
in s0 = 8PΩNη2/(h¯ω0Γ). Furthermore, the saturation
parameter at non-zero detuning is s = s0/(1 + 4∆2/Γ2).
This leads to
Psc =
4P · ΩNη2
(4∆2/Γ2 + 1)(1 + s)2
. (9)
Now, we have all ingredients at hand to calculate the
phase of the field resulting from the superposition of the
incident field and the scattered field. However, one has
to distinguish two scenarios. The first one is a symmetric
setup in the sense that the re-diverging incident field is col-
lected with optics covering the same amount of solid angle
as for focusing. Furthermore, the spatial radiation pattern
of the incident light after re-collimation is identical to the
one before focusing. This scenario is the one occurring
in Refs. [2–4]. In an asymmetric setup, the optics used
for collection/re-collimation may cover a different fraction
of the solid angle than the one used for focusing, as also
treated e.g. in Ref. [11] for the extinction of a coherent
beam. Another example for an asymmetric setup is the
usage of different types of optics for focusing and collec-
tion, respectively [18, 19]. Also every finite size parabolic
mirror constitutes an asymmetric setup as outlined in more
detail below.
3A. Symmetric case
First, we have to account for the fact that only the part of
the scattered field emitted into the solid angle cone of the
transmitted incident field has to be considered. The power
of this fraction is
PΩN = Psc · ΩN =
4P · ΩN2η2
(4∆2/Γ2 + 1)(1 + s)2
. (10)
The amplitude of the corresponding field mode is AΩN ∼√
PΩN . Taking the phase of the scattered field into account
yields EΩN = AΩN · eiϕsc . Furthermore, we have Ein =
Ain ∼
√
P . We also have to account for the Gouy phase
shift of pi/2 that the transmitted wave experiences while re-
diverging from the location of the atom [2, 3, 11, 20]. We
do this by ϕsc → arctan
(
2∆
Γ
)
+ pi. Furthermore, only the
part of the scattered wave that overlaps with the transmit-
ted incident wave can interfere with it. Moreover, only the
coherent part of the scattered light will interfere with the
incident light [21]. The coherently scattered power frac-
tion is given by 1/(1 + s) [22]. We take this into account
by writing
EΩN → EΩN = EΩN · η · (1 + s)−1/2 . (11)
The phase of the coherent superposition of incident and
scattered field can then be expressed as φ = arg(Ein+EΩNEin )
[2]. This leads to
φ = arg
(
1 +
2ΩNη
2
(1 + s)3/2
√
1 + 4∆2/Γ2
· eiϕsc
)
. (12)
With sinϕsc = −2∆/Γ/
√
4∆2/Γ2 + 1 and cosϕsc =
−1/√4∆2/Γ2 + 1 we finally arrive at
φ = arg[(1 + s)3/2(1 + 4∆2/Γ2)− 2ΩNη2 (13)
− i · 4ΩNη2∆/Γ] .
B. Asymmetric case
We now treat the asymmetric case. Using optics of dif-
ferent aperture for focusing and re-collimation results in an
dipole weighted solid angle covered by the re-collimation
optics ΩN′ 6= ΩN. Thus Eq. 10 changes to
PΩN′ = Psc · ΩN′ =
4P · ΩNΩN′η2
(4∆2/Γ2 + 1)(1 + s)2
(14)
and we write EΩN′ = AΩN′ · eiϕsc with AΩN′ ∼
√
PΩN′ . A
further consequence of such a scenario is that the overlap
parameter η, calculated only for the part of the solid angle
used for focusing, may change for the re-collimation op-
tics. Hence, for the part of the scattered light interfering
with the incident light we have
EΩN′ = EΩN′ · η′ · (1 + s)−1/2 . (15)
Last but not least the case ΩN′ < ΩN induces a power
loss to the re-collimated incident beam. We account for
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FIG. 2. Example calculations of the phase shift induced by a
single atom. Solid line: ΩN = η = 1, s0 = 0; dashed line: same
but ΩN = 0.38; dotted line: ΩN = 0.94, η = 0.98, ΩN′ = 0.88,
η′ = 0.99, p = 0.97, s0 = 0.1; dash-dotted line: same but
s0 = 10. For a description of the corresponding scenarios see
text.
this by introducing the parameter p with 0 ≤ p ≤ 1.
When calculating the arg()-function, we now write φ =
arg(
√
pEin+EΩN′√
pEin
).
With these modifications we arrive at the phase shift for
the asymmetric, i.e. general case:
φ = arg[
√
p(1 + s)3/2(1 + 4∆2/Γ2) (16)
− 2
√
ΩNΩN
′ηη′ − i · 4
√
ΩNΩN
′ηη′∆/Γ] .
III. EXAMPLES
The results of some example calculations are given in
Fig. 2, starting the discussion with the symmetric case.
Since the phase shift just changes sign when the detun-
ing does, only values for ∆/Γ ≤ 0 are plotted. The solid
line depicts the case that results in the maximum possible
phase shift at any detuning: focusing from full solid angle
with a dipolar radiation pattern and a negligible saturation
parameter.
The dashed line depicts the case when focusing from
38% of the solid angle weighted with the radiation pat-
tern of a linear dipole oriented perpendicular to the optical
axis. The solid angle fraction corresponds to the one cov-
ered by a microscope objective with a numerical aperture
of NA=0.95. Again, we assume perfect mode overlap and
negligible saturation.
Next, we treat an example for the asymmetric case.
The dotted line corresponds to the experimental setup de-
scribed in Refs. [9, 23] and a low but non-negligible satu-
ration parameter. The setup consists of a parabolic mirror
covering almost the entire solid angle, described by a pa-
rameter ΩN = 0.94. As incident light field a radially po-
larized doughnut mode is considered. Such a mode is ex-
pected to couple efficiently to an atom with a linear dipole
transition located at the mirror’s focus. A doughnut mode
with an overlap parameter of η = 0.98 has been achieved
recently in experiments [23]. The dash-dotted line shows
the phase shift for the same setup and strong saturation of
the atom.
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FIG. 3. Illustration of the phase shift on resonance (∆ = 0) in a
phase space picture.
However, using a parabolic mirror brings some intricate
details that necessitate the use of Eq. 16. Any ray propa-
gating along the optical axis of the parabola which enters
the mirror at a distance d to the optical axis leaves the mir-
ror at a distance d′ = 4f2/d with f the focal length of
the parabolic mirror [24]. This has the following conse-
quences: For a finite parabolic mirror, the change d → d′
entails that rays entering the mirror close to the optical
axis do not hit the parabolic surface a second time and
are not re-collimated. This results in a smaller effective
solid angle for the re-collimated incident light ΩN′ < ΩN
and a re-collimated power-fraction p < 1. Furthermore, a
parabolic mirror reshapes the radiation pattern of the inci-
dent beam. That is, after re-collimation by the parabolic
mirror the transmitted incident beam has another overlap
η′ 6= η with the dipole mode than upon focusing onto the
ion. In the present example, we account for all these effects
by setting ΩN′ = 0.88, η′ = 0.99, and p = 0.97.
Performing the calculations for the same setup using
Eq. 13 for the symmetric case, i.e. setting ΩN′ = ΩN,
η′ = η and p = 1, leads to larger phase shifts. But the de-
viations are so small, on the order of 1.5%, that Eq. 13 will
be used in the remainder of this paper for the sake of sim-
plicity. Nevertheless, one can construct realistic examples
in which the deviation is more pronounced.
In what follows, we examine the phase shift close to
resonance in more detail. For arbitrary η and ΩN the phase
shift on resonance is determined by the sign of the real part
of the argument of the arg-function in Eq. 13:
ϕ∆=0 =
{
pi , if 2ΩNη2 > (1 + s0)3/2
0 , else (17)
In other words, the solid angle fraction must be larger than
(1 + s0)
3/2/(2η2) for observing a non-zero phase shift on
resonance: Illumination has to occur from more than half
the solid angle (see also Ref. [1]). However, even for ΩN >
1/2 a low η or a large saturation parameter may result in
zero phase shift. Figure 3 illustrates this discussion in a
phase space picture.
The change of the phase shift at ∆ = 0 from pi to zero
occurs in an abrupt manner, i.e. the phase shift depends
nonlinearly on the parameter combination ΩNη2/(1 +
s0)
3/2. This is illustrated in Fig. 4 in more detail for de-
tunings |∆|  Γ. The first example (solid line and dashed
line) with the change of ΩN from slightly below to slightly
above half solid angle may seem unrealistic. However, this
case is realizable by using a parabolic mirror covering al-
most the entire solid angle and restricting the solid angle
cone of the incident light to a fraction of the mirror surface
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FIG. 4. Phase shift close to zero detuning. Solid line: s0 = 0,
η = 1, ΩN = 0.5 + 10−4; dashed line: same but ΩN = 0.5 −
10−4; dotted line: ΩN = η = 1, s0 = 3
√
4 − 1 − 10−5; dash-
dotted line: same but s0 = 3
√
4− 1 + 10−5.
corresponding to the values given above.
We conclude this section noting that it is obvious from
Eqs. 17 and Fig. 3 that the overall phase shift is not deter-
mined by the atom but rather by the properties of the inci-
dent field and the set-up. No matter how large the coupling
efficiency is in dependence of η and ΩN [1, 23], the phase
of the light scattered coherently by the atom is fixed for a
given detuning. This phase lag has been examined recently
by a background subtraction technique [19] in an experi-
mental regime of low coupling efficiency, i.e. exciting the
atom from small solid angle. The better the coupling effi-
ciency and the lower the saturation parameter, the larger is
the amount of light scattered coherently into the mode of
the incident field. This amount determines the phase of the
superposition of incident and scattered field.
IV. INTENSITY DEPENDENT PHASE SHIFT
The examples presented in Figs. 2 and 4 already demon-
strated that the phase shift induced by a single atom is
strongly influenced by the intensity of the light driving the
atom. In what follows, the phase shift derived above is put
into a shape reminiscent of the typical formulas used to de-
scribe the optical Kerr effect. One way of describing this
effect is to write the refractive index as [25–27]
n = n0 + n2 · I , (18)
where n0 is the weak-field refractive index and n2 de-
scribes the change of refractive index due to the intensity
I of the optical field. Corresponding more detailed expres-
sions can be found for an ensemble of two-level atoms in
free space e.g. in Ref. [27] and e.g. in Ref. [28] for an an
atomic ensemble in a cavity. To arrive at a similar expres-
sion in the scenario treated here requires several approxi-
mations.
In order to have an interaction that is predominantly dis-
persive, we assume a saturation parameter s 1. In other
words, the atom is not excited on average and the light is
scattered coherently by the atom. The condition of low
saturation is met easiest at large detunings. Therefore, we
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FIG. 5. Illustration of the single atom Kerr effect for ΩN = 0.94,
η = 0.98, ∆/Γ = −10 (left) and ∆/Γ = −50 (right). The
phase shift is calculated using the full model via Eq. 13 (solid
lines) and via Eq. 21 approximating the atom as a pure Kerr-type
medium (dashed lines).
assume |∆|  Γ. This includes the case |∆| ≥ Γ/2 for
which one finds that (1+s)3/2(1+4∆2/Γ2)−2ΩNη2 ≥ 0
and hence |ϕ| ≤ pi/2 ∀ ΩN, η, s. In other words, we can
rewrite Eq. 13 as
ϕ = arctan
(
− 4ΩNη
2∆/Γ
(1 + s)3/2(1 + 4∆2/Γ2)− 2ΩNη2
)
.
(19)
Furthermore, the large detuning approximation allows to
replace the arctan function by its argument yielding
ϕ ≈ − 4ΩNη
2∆/Γ
(1 + s)3/2(1 + 4∆2/Γ2)− 2ΩNη2 . (20)
A Taylor expansion of the above equation around s = 0
finally yields a Kerr-type expression reading
ϕ = ϕ0 − 3
2
ϕ0 · s , (21)
ϕ0 = − 4ΩNη
2∆/Γ
1 + 4∆2/Γ2 − 2ΩNη2 .
Figure 5 compares the above result to the full model of
Eq. 13. As to be expected, the quality of the approximate
expression of Eq. 21 improves with increasing detuning
and decreasing saturation parameters.
V. CONCLUDING REMARKS
As outlined above, the phase shift induced on the excit-
ing field by a single atom in free space is maximized by
coupling the incident light to the atom from full solid an-
gle. In this case, the phase shifts observed for large detun-
ings are still of considerable magnitude. As evident from
Fig. 5, the phase shift observed at 50 linewidths detuning
is on the order of the ones reported for low detuning in pre-
vious experiments using free space setups. This suggests
that a single atom in free space might be a good candi-
date for the realization of a quantum repeater scheme based
on dispersive light-matter interaction. Such a scheme has
been proposed by van Loock et al. for cavity based se-
tups [29]. When realizing such a system one has to bal-
ance all parameters carefully. For example, the induced
phase shift should exceed the uncertainty of the phase of
the incident coherent state, which is given by the inverse
of the square root of the state’s amplitude if the latter is
sufficiently large. Thus, on might be tempted to improve
the performance by using coherent states of larger ampli-
tude. But this in turn results in a larger saturation parame-
ter and a reduction of the imprinted phase shift, unless the
temporal width of the incident pulse is increased as well
to maintain constant incident power. On the other hand,
the pulse duration affects the success rate of the repeater
scheme. This brief discussion highlights that a detailed as-
sessment of all parameters using a free-space setup is de-
sirable. However, this is beyond the scope of the present
paper and subject of future work.
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